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Polynomials

« The word polynomial was first used in 17t
century (source: OED and Wikipedia).

* An example of a polynomial of a single variable
(indeterminate) is (x> - 4x + 7). The degree is 2.

* An example with three indeterminates is x3 +
2xyz? - yz+ 1. The degree is 4.

* In this presentation, we are only considering
univariate (single variable) polynomials.
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Summary

* Every polynomial of degree q can be represented perfectly as
a time-series of order q.

* A g-degree polynomial requires (q + 1) unknowns — q
coefficients and one constant.

* A g-order time-series requires only one unknown — one
constant.

* From polynomial data, the degree of the polynomial, the
additive noise, and the coefficient corresponding to the highest
degree can be deduced without using a polynomial model.
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I ntrOd u cti on 04 December 2025

An accurate estimation of the degree of a polynomial from
data is important in many types of applications.

This significantly improves the performance in
* Modelling
* Detection
« Estimation
* Prediction

It is particularly important in Data Science.
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Introduction

For more than a century, determining the degree of a
polynomial has been based on fitting data directly to
polynomial representations.

A pioneering paradigm has been recently developed for
uniformly sampled polynomial data. This allows the
determination of the degree of a polynomial by fitting data
to a corresponding “time-series” representation.

It needs no polynomial coefficients, deviating from the
convention that existed for more than a century.
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Polynomial — with noise

A polynomial of degree g in uniformly sampled discrete time can be written as

q

ym = ) c@ni

=0

Thus, a set of real-valued noisy data from polynomials in uniformly sampled
discrete “time”, can be represented by

q

x(n) = Z (i) ni + e(n)

i=0
where e(n) represents noise.

For this presentation, noise is assumed to additive, zero-mean, and i.i.d.
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Quadratic Polynomial — with noise
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Quadratic Polynomial — with noise

35 T ) T T T T T
o
T30
[(b]
o
S0
825
@]
< B
2 20
(0]
8
=
18
iC -~ b
o 10 F - v
5 g W
2 v B
> Y
E ST .
@ o
i N e
O 1 1 1 g; ﬁ 1 1
-5 -4 -3 -2 -1 0 1 3
Values of n

Brunel University London

Professor A K Nandi

04 December 2025




Polynomial — with noise

Observations (in this case of a correct polynomial degree is 2):
1) All the fits are carried out with Least-squares method.

2) A polynomial of degree 1 did not fit the data well.

3) Polynomials of degree 2, 3, 4, and 5 fitted the data well.

4) How do we tell the degree of the underlying polynomial? One way is to look
at the root mean square error (RMSE) of the fits and to choose the degree
corresponding to the smallest RMSE.

5) RMSE(degree = 1) = 9.29; RMSE(degree = 2) = 0.82; RMSE(degree = 3) =
0.81; RMSE(degree = 4) = 0.78; and RMSE(degree = 5) = 0.74.

6) The smallest RMSE corresponds to degree = 5.

But this is not the same as the true degree of 2.

Generally, RMSE gets smaller as the degree of the fitting polynomial increases.
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Introduction

y(t)=t +1

Linear Polynomial
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Introduction

y(t)=t +1

Linear Polynomial
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No noise

y(n)=n +1

Sampled Linear Polynomial
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Introduction

Polynomial of degree 1:

y(n) =c(1)n + c(0)
AR time-series of order 1:

yn)=a(l)y(n—1) +p

c(1) and c(0) can take any real values.

Yet a(1) =1 and pu = c(1) for every linear polynomial.
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Polynomial — no noise

Example for g = 1:
Polynomial of degree 1:
y(n) =c(1)n +c(0)
PROOF:y(n—1)=c(1)(n—1) +¢c(0) =c(1)n —c(1) + ¢(0)
=c(Dn+c(0) —c(1) =ym) —c(1)
Therefore, y(n) = y(n—1) + c(1)
AR time-series of order 1:
y(n) =a()y(n—-1) +p
a(l) =1and pu=—c(1)
Therefore, in time-series formulation there is only one unknown (),

but in polynomial formulation there are 2 unknowns.
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Introduction

y(n)
y(n)

n +1
n + 3

y(n)=n + 2
y(n) =n +4

Sampled Linear Polynomial
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Introduction

Polynomial of degree 2:
y(n) =c)n?+c(1)n + c(0)
AR time-series of order 2:
y(n) =a)y(n=2)+a(Dy(n-1) +u

c(2),c(1), and c(0) can take any real values.

Yeta(2) = —1, a(1) = 2, and u = 2¢(2) for every
quadratic polynomial.
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Polynomials and AR parameters

Information for polynomials of different degrees

Degree of AR parameters
polynomial

a(l) a2 a3) M

1 c(1)
2 -1 2¢(2)
3 -3 1 6¢(3)
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Polynomial — no noise

A polynomial of degree q in continuous time can be written as

q
y(O) = ) b@ ¢
i=0

For uniformly sampled discrete time, the continuous time, t, is represented as t =
nT, where nis an integer and T is the sampling period. So, we can write

q
y(nT) = ) b(@) (nT)
i=0

This can be written as

c(i) nt,

b

y(n) =
=0

where c(i) = b(i) T".
Without loss of generality, let T = 1.
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Polynomial — no noise

q
y(m) = Y (D ni +c(0),
i=1

All noise-free data from uniformly sampled polynomials of finite degree g
can be perfectly represented by an autoregressive “time-series” model
of order g and a constant, such that

R

ym)= ) a@yn—i+p

=1

with a(@) = (=1)"*1(?),fori =1,2,..,q, and n = c(q) (q")

Therefore, in “time-series” formulation there is only one unknown (p),

but in polynomial formulation there are (q + 1) unknowns.
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Summary of four cases.
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Data source Number Degree of Polynomial Time-series Comments
of data polynomial representation representation
Case I 35 3 At(p+1) =4, Atq = 4, RMS Both offer very low
Polynomial RMS prediction prediction error prediction errors.
error of 10712, of 107°.

Case II 35 0 At(p+1) =1, Atq = 2,RMS Time-series offers
Sine wave RMS prediction prediction error significantly

error of 3.8. of 10715, better prediction.

Case III 35 0 At(p+1) =3, Atq = 4, RMS Time-series offers
Non-polynomial RMS prediction prediction error significantly

error of 108, of 1078, better prediction.

Case IV 35 o0 At(p+1) =3, Atq = 7,RMS Time-series offers
Inverse polynomial RMS prediction prediction error significantly

error of 6.7. of 1078, better prediction.

Brunel University London

Professor A K Nandi




04 December 2025

Four lessons

 All polynomials of degree g can be represented
perfectly by an all-pole filter with g repeated roots
(or poles) at z = +1.

« Data representable by finite order all-pole filters,
independent of whether they are from finite
degree or infinite degree polynomials, can be
described by a finite order AR time-series.

« Afinite order time-series can represent perfectly
infinitely many polynomials of infinite degree.

* Time-series are more general than polynomials.
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Computer experiments

» 5 polynomial degrees (q =1, 2, 3, 4, and 5)

« 5 noise standard deviations (¢ = 1, 2, 4, 7, and 10)

« 3 types of additive noise (Gaussian, Uniform, and Exponential)
« 10,000 realisations of each of these 75 combinations

» A total of 750,000 realisations
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5 polynomials
(for data generation)

y(n) =2n+1
y(n) =4n* +2n+1
yn) =8n3 +4n®*+2n+1
y(n) =16n*+8n3 +4n* +2n+1
y(n) = 32n°>+16n*+8n® +4n? +2n+1

x(n) = y(n) + e(n)
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Degree = g
(for estimation)

Degree =1, 2, 3,4,and 5

x(n)=x(n—1)+
xn)=2x(n—1)—x(n—2)+ypn
x(n)=3x(n—1)—-3x(n—2)+x(n—-3)+
x(n)=4x(n—1)—6x(n—2)+4x(n—3)—x(n—4)+p
x(n)=5x(n—1)—-10x(n—2)+10x(n—3) - 5x(n—4) + x(n—5) + u

x(n) = y(n) + e(n)
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Degree =g
(estimation)

= c(q)(gh

q
< Ouigy > = (D% + ) a(@)? |o?
=1

Estimate pand alf yfrom data x(n)

(q

PTS2(q) = minimise (0;,))
c(q) = n/(q")
a(i)?

N

g% =< Ou(q) >2/ (1)2 +
=1
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Number of correct degree estimates
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Percentage of correct degree estimate
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Normalised noise estimates

Gaussian, Uniform, and Exponential Noise
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Highest degree polynomial coefficien
estimates

Gaussian, Uniform, and Exponential Noise
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Standard deviation of estimated coefficients

Gaussian, Uniform, and Exponential Noise
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Closing remarks

* Determining the degree of a polynomial so far has been
based on fitting noisy polynomial data directly using
polynomial representations.

* Polynomials of degree g with (g + 1) unknowns can be
represented by “time-series” models of order g with only
one unknown constant p, with u = c(q) (q!).

* For uniformly sampled polynomial data, this paradigm
allows the estimation of polynomial degree, additive
noise, and highest degree coefficient with a “time-series”
representation, without using any polynomial model.
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